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The magnetic ﬁeld can serve as an effective means to control a
magnetic ﬂuid suspension of artiﬁcial magnetic particles of ferro-
magnetic materials. These materials, which are not found in nature
[1,2], were synthesized in themiddle of the 1960s and development
of these suspensions in a carrier liquid showed the high potential
for a new research ﬁeld called ferrohydrodynamics. Several types
of magnetic ﬂuids arise with FHD; the principal type is a colloidal
ferroﬂuid [3,4]. A colloid is a suspension of ﬁnely divided particles
in a liquid medium, which settles out slowly. However, a true ferro-
ﬂuid does not settle out. Such ferroﬂuids are composed of small
(3–15 nm diameter) particles of solid magnetite coated with a
molecular layer of a dispersant and suspended in a liquid carrier.
Thermal agitation [5] keeps the particles suspended because of
Brownian motion and the coating prevents the particles from stick-
ing to each other. A typical ferroﬂuid contains approximately 1023
particles per cubic meter. Because of the industrial applications of
ferroﬂuid, the investigations have drawn considerable attention of
researchers and engineers for the last ﬁve decades.
A constant magnetic ﬁeld in time and space [6] balances vortic-
ity and impedes the rotation of the individual magnetic particles.
However, an alternating magnetic ﬁeld can cause vorticity andfavors this rotation. The magnetic energy is partially transformed
into the angular momentum of the particles, which in turn is con-
verted into a hydrodynamic motion of the ﬂuid. It manifests in it-
self a decrease of total viscosity. Rotational viscosity [7–9],
Dl ¼ 14lun2 cos2 a cos 2a becomes negative for higher frequencies,
where l is the reference viscosity,u is the volume concentration of
the particles, n is dimensionless amplitude of the ﬁeld (Langevin
parameter), and a is the phase difference between the magnetiza-
tion and the ﬁeld in ﬂuid at rest. In the total viscosity l + Dl, Dl is
the rotational viscosity due to an alternating magnetic ﬁeld. In the
presence of a stationary ﬁeld, the rotational viscosity always re-
mains positive. However, for x0sB = 1, with x0 as the frequency
of an alternating magnetic ﬁeld and sB as Brownian relaxation
time, reaches a state where the ﬁeld frequency matches with the
relaxation of magnetization and thus, the ﬁeld effect on the viscos-
ity will vanish. For x0sB > 1, Dl is negative resulting in a decrease
in the viscosity of the ferroﬂuid [10,11]. In this paper, the results
for negative viscosity effects on ferroﬂuid velocity, for x0sB = 2
andx0sB = 3, are obtained graphically and compared with the case
for x0sB = 1.
In case of an alternating magnetic ﬁeld, the inﬂuence of the ﬁeld
may have a different characteristic. If the ﬁeld frequency equals
that of the particle rotation [6], no inﬂuence of the ﬁeld on the par-
ticle rotation will be observed and if the ﬁeld frequency is slightly
higher than the frequency of the particle then the frequency of the
particle rotation induced by the shear ﬂow may speed up the rota-
tion of the suspended particles. Even from this simple argument, it
is directly seen that an oscillation of the ﬁeld will reduce the total
viscosity. If the magnetic ﬁeld H and the vorticity X are parallel to
each other, the viscosity is independent of ﬁeld [6,10].
56 P. Ram, A. Bhandari / Results in Physics 3 (2013) 55–60Rotational viscosity may be expressed in the form
Dl ¼ 32lu XxpX , where xp is the mean angular velocity of the par-
ticles and X ð¼ 12 ð$ VÞÞ is the ﬂow vorticity. A constant magnetic
ﬁeld always impedes free particle rotation and in such a situation,
xp <X i.e. Dl > 0. A slow oscillating magnetic ﬁeld also impedes
the free particle rotation. Conversely, a fast oscillating magnetic
ﬁeld forces the particles to rotate faster than the ﬂuid i.e. xp >X
and as a result, particles spin up the ﬂow and the vortex ﬂow rises
up at the expense of the particle spin. This transformation of the
alternating ﬁeld energy into kinetic energy of the ﬂuid just mani-
fests in itself in a certain reduction of the total viscosity [11].
In the present case, the negative rotational viscosity is created by
a high oscillating magnetic ﬁeld in the unsteady ferroﬂuid ﬂow due
to a rotating disk. This rotational viscosity reduces the shear viscos-
ity of the ﬂuid and this reduction is called the negative viscosity
effects. Shliomis Model [10] is used in the formulation and consid-
eration of this problem. To the best of our knowledge, this problem
about negative rotational viscosity effects on the unsteady ferro-
ﬂuid ﬂow in the presence of a disk has not been investigated yet.
2. Mathematical formulation of the problem
The equations of motion, magnetization and rotational motion
are as follows:
q
dV
dt
¼ $pþ lr2V þ l0ðM:$ÞH þ
I
2ss
$ ðxp XÞ ð1Þ
dM
dt
¼ xp M  1sB ðM M0Þ ð2Þ
I
dxp
dt
¼ l0ðM  HÞ 
I
ss
ðxp XÞ ð3Þ
Here q is the ferroﬂuid density, ddt ¼ @@t þ V :$;V is the velocity, p
is the pressure, l is the reference viscosity, l0 is the magnetic per-
meability of free space, M is the magnetization, H is the magnetic
ﬁeld intensity, xp is the angular velocity of the particle,
X ð¼ 12 ð$ VÞÞ is the vorticity of the ﬂow, sB is the Brownian relax-
ation time,M0 is the instantaneous equilibrium magnetization, I is
the sum of the particle’s moment of inertia over the unit volume,
ss ¼ qsd
2
60l
 
is the rotational relaxation time (Shliomis relaxation
time) when any deviation of xp from X decays to zero (qs is the
density of the particle including surfactant layer, d is the diameter
of the particle), and t is the time.
The ﬂuid and the disk are both electrically non-conducting and
thermal effects are excluded. The complete set of equations in-
cludes the equation of continuity and Maxwell’s equations [12]:
$:V ¼ 0; $ H ¼ 0; $:B ¼ 0 ð4Þ
where B = l0(H +M).
Instantaneous equilibrium magnetization M0 in terms of the
Langevin function at sB = 0 is deﬁned as:
M0 ¼ nmLðnÞHH ; n ¼
mHðtÞ
kT
; LðnÞ ¼ coth n n1 ð5Þ
where n is the number of particles,m is the magnetic moment of the
particle, L(n) is the Langevin function, n is the ratio of magnetization
energy to the thermal energy (Langevin parameter), k is the Boltz-
mann constant, and T is the absolute temperature.
Here, the inertial term is negligible in comparison with the
relaxation term as: I dxpdt  I xpss
Therefore, Eq. (3) can be written as:
xp ¼ Xþ l0
ss
I
ðM  HÞ ð6Þ
Using (6), Eqs. (1) and (2) can be written as:q
dV
dt
¼ $pþ l0ðM:$ÞH þ lr2V þ
l0
2
$ ðM  HÞ ð7Þ
dM
dt
¼ XM  1
sB
ðM M0Þ  l0
ss
I
M  ðM  HÞ ð8Þ
Magnetic ﬁeld is applied in the radial direction as:
Hr ¼ H0 cosx0t Hh ¼ Hz ¼ 0 ð9Þ
Here x0 is the angular frequency of the applied magnetic ﬁeld,
H0 is the amplitude of the ﬁeld.
We assume that ﬁeld amplitude is small in the sense mH0 6 kT.
This assumption permits to evade the difﬁculties which are con-
nected with the nonlinearity of the Langevin function (5) instead
of which we now have
M0 ¼ v0H; v ¼ l0nm
2
3kT
or
v
l0
¼ nm
2
3kT
¼ v0 ð10Þ
where v0 is called the magnetic susceptibility.
The magnetic ﬁeld is considered as a superposition of two rotat-
ing ﬁelds known as the left-hand polarized ﬁeld (subscript +) and
the right-hand polarized (), then:
H ¼ ðH0 cosx0t;H0 sinx0t;0Þ; H ¼ 12 ðHþ þ HÞ ð11Þ
for each of these ﬁelds is taken separately, Eqs. (1)–(3) admit solu-
tion in which the ﬂuid is quiescent (X = 0) and the magnetization
rotates with an angular frequency of the ﬁeld, lagging behind the
ﬁeld at some angle a. Then
M ¼ ½M cosðx0t  aÞ; M sinðx0t  aÞ;0; xp ¼ ð0;0;xpÞ
ð12Þ
Here a is the phase angle between magnetization and magnetic
ﬁeld in the ﬂuid at rest.
Substituting (10)–(12) into Eqs. (2) and (3), we get:
M ¼ v0H0 cosa; xp ¼ l0
ss
I
 
MH0 sina; tana
¼ ðx0 xpÞsB ð13Þ
Since n ¼ mH0
kT
ﬃﬃ
2
p is small, so we take up to the n2 term and using the
expression Iss ¼ 6lu, we eliminate the angle a from the Eq. (13),
then:
M ¼ nH0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þx20s2B
q ; xp ¼ x0 n2=31þx20s2B ; tana
¼ x0sB 1 n
2=3
1þx20s2B
 !
ð14Þ
Here H0ﬃﬃ
2
p is the root mean square value of H0 cosx0t and u is the vol-
ume concentration of the particles.
Let us consider the variation of the solution (12) in the presence
of hydrodynamical vortexX = (0,0,X). From Eq. (6), rotation rates
in the left and right polarized ﬁeld are different. The superposition
of two rotating ﬁelds, Eq. (13) can be written as:
Mþ ¼ v0H0 cosaþ; xpþ ¼
ss
I
 
MþH0 sinaþ þX;
tanaþ ¼ ðx0 xpþ ÞsB ð15Þ
M ¼ v0H0 cosa; xp ¼
ss
I
 
MH0 sina X;
tana ¼ ðx0 xp ÞsB ð16Þ
From the above equations, it is clear that the rotations of the
magnetic particles are faster when x0 and X have the same sign.
Retaining only the principle terms in the expression for tana±, we
have
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Due to the rotating magnetic ﬁeld, h components of magnetization
become:
Mþh ¼ v0H0 cosaþ sinðx0t  aþÞ
¼ v
0H0
1þ ðx0 XÞ2s2B
½sinx0t  ðx0 XÞsB cosx0t ð18Þ
Mh ¼ v0H0 cosa sinðx0t  aÞ
¼  v
0H0
1þ ðx0 þXÞ2s2B
½sinx0t  ðx0 þXÞsB cosx0t ð19Þ
The Brownian rotational diffusion time [1,6,10] for the parti-
cles with diameter 106 cm is usually not higher than 105 s.
Therefore the inequality XsB 1 is always valid except for
the case of high viscous ﬂuids. If the ﬁeld is linearly polarized
along the radial direction, the tangential component of magneti-
zation is
Mh ¼ 12 M
þ
h þMh
  ¼ XsBv0H0 cos2 a cosðx0t  2aÞ ð20Þ
Here a is the phase difference between the magnetization and
the magnetic ﬁeld in the ﬂuid at rest. Now, we have tan a =x0sB,
which is obtained from (14) after discarding the n2 term. The pres-
ence of the component of magnetization (20), perpendicular to the
ﬁelds means that the magnetic torque acts upon the ﬂuid. It is di-
rected along the z axis and has the density:
l0ðM  HÞ ¼ l0XsB
v
l0
H20 cos
2 a cosx0t cosðx0t  2aÞ
¼ 2Xlun2 cos2 aðcos2x0t cos 2aþ sinx0t
 cosx0t sin 2aÞ ð21Þ
Now averaging (21) over the period of ﬁeld variation 2px0, the ﬁrst
term yields 12
 
cos 2a and the second term vanishes. Thus we
ﬁnd:
l0ðM  HÞ ¼ Xlun2 cos2 a cos 2a ð22Þ
Using (22) and (7), we get the equation of motion as:
q
dV
dt
¼ $pþ l0ðM:$ÞH þ l 1þ
1
4
un2 cos2 a cos 2a
 
r2V ð23Þ
Let ~p be the reduced pressure due to magnetic force as:
$~p ¼ $pþ l0ðM:$ÞH ð24Þ
If magnetization is parallel to the applied magnetic ﬁeld intensity
then,
~p ¼ p l0
Z H
0
MdH0 ¼ p l0
Z H
0
v0H0dH0 ¼ p l0v0
H02
2
" #H
0
¼ p vH
2
2
ð25Þ
) Eq. (23) can be written in the form of reduced pressure as:
q
dV
dt
¼ $~pþ l 1þ 1
4
un2cos2a cos 2a
 
r2V ð26Þ
Here the ﬂow is taken incompressible and axi-symmetric [13–
16] so the equation of motion and continuity equation can be
written in the cylindrical form as: 1
q
@~p
@r
þ m 1þ 1
4
un2 cos2 a cos 2a
 
@2v r
@r2
þ @
@r
v r
r
 
þ @
2v r
@z2
" #
¼ @v r
@t
þ v r @v r
@r
þ vz @v r
@z
 v
2
h
r
	 

ð27Þ
m 1þ 1
4
un2 cos2 a cos 2a
 
@2vh
@r2
þ @
@r
vh
r
 
þ @
2vh
@z2
" #
¼ @vh
@t
þ v r @vh
@r
þ vz @vh
@z
þ v rvh
r
	 

ð28Þ
 1
q
@~p
@z
þ m 1þ 1
4
un2 cos2 a cos 2a
 
@2vz
@r2
þ 1
r
@vz
@r
þ @
2vz
@z2
" #
¼ @vz
@t
þ v r @vz
@r
þ vz @vz
@z
	 

ð29Þ
@v r
@r
þ v r
r
þ @vz
@z
¼ 0 ð30Þ
Here vr,vh and vz are the radial, tangential and axial components of
the velocity and m is the kinematic viscosity of the ferroﬂuid.
For the ﬂow due to a rotating disk about the z axis with a con-
stant angular velocity x, the boundary conditions used by [17,18]
are given as follows:
at z¼0; v r ¼0; vh¼ rx; vz¼0; at z!1; v r ¼0; vh¼0;
at t¼0; v r ¼0; vh¼0; vz ¼0 ð31Þ
Now, we use similarity transformations [19] as follows:
v r ¼ rxEðbÞ; vh ¼ rxFðbÞ; vz ¼
ﬃﬃﬃﬃﬃﬃﬃ
mx
p
GðbÞ; ~p ¼ qxmPðbÞ;
where b ¼ z
ﬃﬃﬃﬃ
x
m
r
and
td ¼ xt ð32Þ
where b is the dimensionless axial distance from the disk, E(b), F(b),
G(b) are the dimensionless components of the radial, tangential and
axial velocities, P(b) is the dimensionless pressure and td is the
dimensionless time.
From (27)–(30) with the help of (14) and (32), we get the sys-
tem of nonlinear differential equations as:
@E
@td
 1þ 1
4
un2
1x20s2B
1þx20s2B
 2
 !( )
@2E
@b2
þ G @E
@b
þ E2  F2 ¼ 0 ð33Þ
@F
@td
 1þ 1
4
un2
1x20s2B
1þx20s2B
 2
 !( )
@2F
@b2
þ G @F
@b
þ 2EF ¼ 0 ð34Þ
@G
@td
þ @P
@b
 1þ 1
4
un2
1x20s2B
1þx20s2B
 2
 !( )
@2G
@b2
þ G @G
@b
¼ 0 ð35Þ
@G
@b
þ 2E ¼ 0 ð36Þ
Here
Eðtd;0Þ¼0; Fðtd;0Þ¼1; Gðtd;0Þ¼0; Eðtd;1Þ¼0; Fðtd;1Þ¼0;
Eð0;bÞ¼0; Fð0;bÞ¼0; Gð0;bÞ¼0
ð37Þ3. Solution of the problem
Eqs. (33)–(36) are solved with the help of Flex PDE after a suit-
able coordinate transformation. Here, if we solve (33)–(36) di-
rectly, the solution oscillates due to discontinuity which occurs
between the initial and boundary conditions in (37). So, Eqs.
(33)–(36) are transformed into the appropriate form by taking a
suitable coordinate transformation d ¼ b=2 ﬃﬃﬃﬃtdp as suggested by
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β
Fig. 2. Effect of ﬁeld frequency on the radial velocity proﬁle at td = 1.
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transformed equations are:
@E
@td
 d
2td
@E
@d
 1þ1
4
un2
1x20s2B
1þx20s2B
 2
 !( )
1
4td
@2E
@d2
þG 1
2
ﬃﬃﬃﬃ
td
p @E
@d
þE2F2¼0
ð38Þ
@F
@td
 d
2td
@F
@d
 1þ1
4
un2
1x20s2B
1þx20s2B
 2
 !( )
1
4td
@2F
@d2
þG 1
2
ﬃﬃﬃﬃ
td
p @F
@d
þ2EF¼0
ð39Þ
@G
@d
þ4
ﬃﬃﬃﬃ
td
p
E¼0 ð40Þ
Our purpose is to investigate the effect of phase difference between
magnetization and magnetic ﬁeld intensity on the components of
ferroﬂuid velocity for which the rotational viscosity becomes nega-
tive. So, the term 14un
2 has not been used in the calculations. Here,
u is the volume fraction, its value exists between 0.4 and 0.6 [1,6]
and n depends on the strength of the magnetic ﬁeld.0 1 2 3 4 5 6
0.00
0.01
0.02
0.03
0.04
0.05
td=3 ω0τB=1
ω 0τB=2
ω 0τB=3
E
β
Fig. 3. Effect of ﬁeld frequency on the radial velocity proﬁle at td = 3.
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E4. Results and discussion
There are two mechanisms of ferroﬂuid motion known as Ne’el
relaxation time and Brownian relaxation time by which the mag-
netization of a colloidal ferroﬂuid can relax after changing the
strength of the applied magnetic ﬁeld. In Brownian relaxation time,
the particle rotates itself with a ﬁxed magnetic moment and this
kind of particles is called magnetically hard. The relaxation of mag-
netically hard particles will take place by rotation of the whole par-
ticles. However in the Ne’el Mechanisms, magnetic moment
rotates relative to the crystal axis but the particles do not rotate
themselves. This kind of relaxation of the colloidal particles can
take place if the thermal energy is high enough to overcome the
energy barrier provided by the crystallographic anisotropy of the
magnetic material. Therefore, the rotational viscosity is created
only due to Brownian time sB. Asx0sB increases, the rotational vis-
cosity remains negative and at the limit x0sB?1, the rotational
viscosity tends to zero because the particles cease to feel the mag-
netic ﬁeld under such a situation.
Figs. 1–4 show the radial velocity proﬁle for different values of
x0sB at td = 0.5, 1, 3, 5, respectively. For x0sB = 1, the problem re-
duces to the ordinary case where the ﬁeld frequency matches with
the relaxation of magnetization thus, the ﬁeld effect on the ferro-
ﬂuid viscosity is zero. However, the velocity proﬁles for highly
oscillating magnetic ﬁeld, when the particle is spinning up faster
than the rotation of magnetic ﬂuid, are shown in ﬁgures for
x0sB = 2 and x0sB = 3, respectively. In Fig. 1, at td = 0.5, the peak
values of the radial velocity are 0.022, 0.029, 0.0289 for x0sB = 1,
2, 3, respectively. At time td = 1, the peak values of the radial0 1 2 3 4 5 6
0 .0 0 0
0 .0 0 5
0 .0 1 0
0 .0 1 5
0 .0 2 0
0 .0 2 5
0 .0 3 0 0 B = 1
0 B = 2
0 B = 3
E
t d= 0 .5 ω τ
ω τ
ω τ
β
Fig. 1. Effect of ﬁeld frequency on the radial velocity proﬁle at td = 0.5.
0 1 2 3 4 5 6
β
Fig. 4. Effect of ﬁeld frequency on the radial velocity proﬁle at td = 5.velocity are 0.050, 0.055, 0.0548 for x0sB = 1, 2, 3, respectively
and at td = 3 and td = 5, peak values of the radial velocity for the
same values of x0sB are 0.0489, 0.486, 0.0487 and 0.0309,
0.0306, 0.0307, respectively. Clearly, except for the classical case
(x0sB = 1), for higher values of x0sB, respective peak values of
the radial velocity increase and at xsB?1, it equates to the clas-
sical case (x0sB = 1) since the inﬂuence of the magnetic ﬁeld tends
to zero in the ferroﬂuid viscosity. In Figs. 1–4, the radial compo-
nent of velocity reaches steady state for b = 0.6, 1.3, 1.8 and 2 on-
ward, respectively. Further, the positive values of the radial
velocity indicate, the ﬂow is directed radially outward throughout
the motion.
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Fig. 5. Effect of ﬁeld frequency on the tangential velocity proﬁle at td = 0.5.
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Fig. 6. Effect of ﬁeld frequency on the tangential velocity proﬁle at td = 1.
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Fig. 7. Effect of ﬁeld frequency on the tangential velocity proﬁle at td = 3.
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Fig. 8. Effect of ﬁeld frequency on the tangential velocity proﬁle at td = 5.
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Fig. 9. Effect of ﬁeld frequency on the axial velocity proﬁle at td = 0.5.
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Fig. 10. Effect of ﬁeld frequency on the axial velocity proﬁle at td = 1.
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Fig. 11. Effect of ﬁeld frequency on the axial velocity proﬁle at td = 3.
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ures, the ﬁeld frequency does not have much impact on the tan-
gential velocity, however, it reaches the steady state region for
b = 0.6, 1.1, 1.6, 1.8 onward, respectively. In the case, x0sB < 1,
the viscosity of the magnetic ﬂuid has always been positive and
creates additional resistance in the presence of an externally ap-
plied magnetic ﬁeld. For x0sB = 1, there is no effect of applied ﬁeld
on the viscosity and the problem reduces to the ordinary viscous
ﬂow. In Fig. 5, the tangential velocity suddenly decays to the steady
state, however, in Fig. 6, its decay is slower than Fig. 5 and, in Fig. 7,
it is much slower than Figs. 5 and 6. Finally, in Fig. 8, its decay is
slowest among all. Further, the centrifugal force generated here
is due to the rotation of the disk being carried out by ﬂuid particles
and at large distance its effect diminishes resulting in a decrease of
the tangential velocity.
0 1 2 3 4 5 6
-0.25
-0.20
-0.15
-0.10
-0.05
0.00
G
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β
Fig. 12. Effect of ﬁeld frequency on the axial velocity proﬁle at td = 5.
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tained by the axial velocity at large distance from plate are
0.023, 0.015, 0.022; 0.115, 0.091, 0.103; 0.278,
0.258, 0.260 forx0sB = 1, 2, 3 at td = 0.5, 1, 3, respectively. How-
ever, at td = 5, the axial velocity tends to less ﬁnite value than td = 3.
The effect of phase difference between ﬁeld and magnetization can
be clearly observed in Figs. 9–12 wherein for x0sB = 2, ferroﬂuid
reaches the steady state region faster than for x0sB = 3 since the
orienting inﬂuence of alternating ﬁeld decreases with increasing
frequency and tends to zero for x0sB 1. All these results high-
light, the axial velocity increases for increasing values of b and
time, and for large values of b, it tends to a ﬁnite value. Comparing
ﬁgures for components of velocity, it is also clear that the axial
velocity component reaches the steady state region slower than
the tangential component and much slower than the radial veloc-
ity component. It happens because the radial motion is a source of
centrifugal effect which results in axial motion. An interesting
behavior of the axial velocity is that it does not depend on the dis-
tance from the axis but depends upon the distance from the
ground.
5. Conclusions
The present results are undertaken to show the effect of nega-
tive viscosity on the unsteady ferroﬂuid ﬂow due to an inﬁnite
rotating disk which is generated in the presence of the highly oscil-
lating magnetic ﬁeld. Due to the reduction in the shear viscosity,
the components of ferroﬂuid velocity reach the steady state region
faster than in the ordinary case where x0sB = 1. Initially, if the
phase difference between the magnetization and the magnetic
ﬁeld intensity is zero then there is no effect of rotational viscosity
on the ferroﬂuid ﬂow and only shear viscosity is effective. Effective
negative viscosity of ferroﬂuid in an externally imposed magnetic
ﬁeld depends not only on the ﬁeld amplitude and frequency but
also on the vorticity in the ﬂow, which causes non-Newtonianproperties of the ﬂuids. The non-Newtonian behavior becomes
detectable when x0sB exceeds unity which is possible in practice
if average angular velocity of the particle is greater than the angu-
lar velocity of the ﬂuid. The attractive property of negative viscos-
ity on the ﬂow characteristics due to the phase difference between
the magnetization and the ﬁeld could lead to a new generation
magnetic ﬂuid speakers.The present results might be applicable
where strong changes in the viscous properties produce an elec-
tronically controllable signal and electronically controlled damp-
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